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One-loop counterterms in the Yang-Mills theory with
gauge invariant ghost field Lagrangian.
R. N. Baranov
Abstract
One-loop calculations of renormalization constants Z1, Z2 in the model, pro-
posed in the paper [1] with gauge invariant ghost field Lagrangian are performed.
It is shown that the model is asymptotically free and the renormalization con-
stants satisfy the same equation as in the ordinary Yang-Mills theory.
1 Introduction.
In the Yang-Mills theory ghost field Lagrangian doesn’t possess gauge symmetry and
together with a gauge fixing term breaks gauge invariance of the effective action. It
makes problems for regularization and renormalization of the theory. The Slavnov-
Taylor identities are more complicated then the Ward identities in electrodynamics.
Recently a new formulation of the Yang-Mills theory was proposed [1] in which the
gauge invariance is broken only by the gauge fixing term. In the paper [1] it was
shown that in the framework of perturbation theory this model is equivalent to the
usual Yang-Mills theory. Calculating the observables in this model one can pass to the
Lorentz-type gauge in which the renormalizability is evident. Nevertheless a proof of
renormalizability directly in the gauge proposed in the paper [1] is absent.
In the present paper we calculate at one-loop the gauge field and A3-vertex renor-
malization constants. It is shown that a relationship between this constants is the same
as in the ordinary Yang-Mills theory.
Let introduce notations. The Lagrangian proposed in [1] looks as follows
L = LYM + (Dµϕ)∗ (Dµϕ)− (DµX)∗ (DµX) + i ((Dµe)∗ (Dµb)− (Dµb)∗ (Dµe)) (1)
The fields ϕ, X are commuting complex SU(2)-doublets and e, b are anticommuting
ones.
ϕ =
1√
2
(
iϕ1 + ϕ2√
2g−1a+ ϕ0 − iϕ3
)
; X =
1√
2
(
iX1 +X2
−√2g−1a +X0 − iX3
)
;
e =
1√
2
(
ie1 + e2
e0 − ie3
)
; b =
1√
2
(
ib1 + b2
b0 − ib3
)
;
1
Dµϕ = ∂µϕ + ig
τa
2
Aaµ ϕ is the covariant derivative; τ
a are Pauli matrices. The Yang-
Mills Lagrangian is LYM = −14F aµνF aµν , F aµν = ∂νAaµ−∂µAaν + gεabcAbµAcν . Let introduce
the fields B±,a = ϕa ±Xa, ϕ± = ϕ0 ±X0. In terms of these fields the gauge transfor-
mation leaving the Lagrangian (1) invariant is

δAaµ(x) = −∂µαa(x) + gεabcAbµ(x)αc(x)
δB+,a(x) =
g
2
ϕ+(x)αa(x) +
g
2
εabcB+,b(x)αc(x)
δϕ+ = −g
2
B+,a(x)αa(x)
δB−,a(x) =
√
2aαa(x) +
g
2
ϕ−(x)αa(x) +
g
2
εabcB−,b(x)αc(x)
δϕ− = −g
2
B−,a(x)αa(x)
δea(x) =
g
2
e0(x)αa(x) +
g
2
εabceb(x)αc(x)
δe0 = −g
2
ea(x)αa(x)
δba(x) =
g
2
b0(x)αa(x) +
g
2
εabcbb(x)αc(x)
δb0 = −g
2
ba(x)αa(x)
(2)
Being quantized in the Lorentz gauge ∂µAµ = 0 the model is described by the effective
action which contains the gauge fixing term and non gauge invariant Faddeev-Popov
ghost Lagrangian. However in this model the Lorentz invariant condition B−,a = 0 is
also an admissible gauge. In this case the gauge invariance is broken by only the gauge
fixing term: Lef = L + λaB−,a, here L is the Lagrangian (1). The Lagrangian (1) at
the surface B−,a = 0 looks as follows
L = LYM + 1
2
∂µϕ
+∂νϕ
− +
a√
2
Aaµ∂µB
+,a +
g
4
Aaµ
(
ϕ−∂µB
+,a −B+,a∂µϕ−
)
+
+
ag
√
2
4
A2µϕ
+ +
g2
8
A2µϕ
+ϕ− + i
(
∂µe
0∂µb
0 + ∂µe
a∂µb
a
)
+
+
ig
2
Aaµ
{
εabc(bb · ∂µec − ∂µbb · ec) + (ba · ∂µe0 − ∂µba · e0)− (b0 · ∂µea − ∂µb0 · ea)
}
+
+
ig2
4
A2µ(e
0e0 + eaba) (3)
The propagators and vertices are given in the appendix.
2 Renormalization constants.
We start with considering the gauge field renormalization constant Z2 and A
3-vertex
renormalization constant Z1 and show that in the one-loop approximation these con-
stants coincide with the corresponding ones in the ordinary Yang-Mills theory. We also
2
consider anticommuting fields renormalization constant Z¯2 and Aµeb-vertex renormal-
ization constant Z¯1 and show that the relationship Z1Z
−1
2 = Z¯1Z¯
−1
2 holds in one-loop
approximation. The calculations can be found in the appendix. The dimensional
regularization is used, hence all tadpole diagrams are equal to zero.
The constant Z2 renormalizes the transversal part of one-particle irreducible dia-
grams with two external gauge field lines Aµ. There are three types of the contributions
to the divergent part of the corresponding diagrams. The first one is a contribution
of gauge field Aµ loops. This contribution is the same as in the ordinary Yang-Mills
theory, because the vertices A3, A4 and the propagators coincide with the usual ones.
The second one is the contribution of loops with commuting scalar fields B+,a, ϕ±.
And the third one is the contribution of loops with anticommuting fields e, b. The sum
of the second and the third contributions equals to
ig2
48pi2ε
δab(gµνp
2 − pµpν) (4)
In the ordinary Yang-Mills theory divergent part of Faddeev-Popov ghosts loop is the
following [2], [3].
ig2
48pi2ε
δab(gµνp
2 + 2pµpν) (5)
One can see that transversal parts of (4) and (5) coincide. As it was mentioned above
the contributions of gauge field Aµ loops in the present theory and in the Yang-Mills
theory coincide and therefore constants Z2 coincide too.
Note that contrary to the standard formulation of the Yang-Mills theory the radia-
tive corrections generate also renormalization of the longitudinal part of the polariza-
tion operator, that is the counterterm proportional to (∂µAµ)
2. Such a counterterm
does not break the gauge invariance, because it originates from the admissible gauge
invariant counterterm (D2φ)∗(D2φ) after the shift φ0 → φ0 +√2g−1a.
The constant Z1 performs renormalization of A
3-vertex. Again there are three
types of contributions. Contribution of the gauge field Aµ loops coincide with the
corresponding one in the ordinary Yang-Mills theory. In one-loop approximation the
total contribution of commuting scalar fields B+,a, ϕ± and anticommuting fields e, b is
equal to
g3
96pi2ε
εabc
(
gµν(p− q)λ − gνλ(2p+ q)µ + gµλ(p+ 2q)ν
)
, (6)
It coincides with the contribution of Faddeev-Popov ghosts in the ordinary Yang-Mills
theory and therefore the constant Z1 equals Yang-Mills constant Z1.
Thus in one-loop approximation the constants Z2, Z1 are the same as in the Yang-
Mills theory and therefore the expression Z1Z
−1
2 is the same as in the Yang-Mills
theory.
Z1Z
−1
2 = 1−
3g2
16pi2ε
(7)
which means that the model is asymptotically free.
3
To find the constants Z¯2, Z¯1, it is necessary to calculate the divergent part of the
diagrams represented on fig. 1, 2. Performing the calculations we obtain
Z¯2 = 1 +
9g2
32pi2ε
Z¯1 = 1 +
3g2
32pi2ε
(8)
Z¯1Z¯2
−1
=
(
1 +
3g2
32pi2ε
)(
1− 9g
2
32pi2ε
)
= 1 +
(
3
32
− 9
32
)
g2
pi2ε
= 1− 3g
2
16pi2ε
Thus Z1Z
−1
2 = Z¯1Z¯2
−1
.

e0
p bm
p+ k b0
p
k
en

q
e0
p
b0
k + p+ q
q + p
bb
k
e0
µ a

q
e0
p
q + p
bb
k
bn
k + q
em
µ a
Figure 1: Diagram for calculation of anticommuting fields renormalization constant
Figure 2: Diagrams for calculation of renormalization constant Z¯1
3 Discussion.
In the present paper it was shown that the theory with the gauge invariant ghost
Lagrangian agrees with the standard Yang-Mills theory in one-loop approximation.
The relationship Z1Z
−1
2 = Z¯1Z¯2
−1
between renormalization constants which is one
of the necessary conditions of gauge invariance of renormalized Lagrangian holds. A
complete renormalization of the theory requires further investigation.
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A Propagators and vertices.

Aaµ
k
Abν

δab
i
gµν − kµkν/k2
k2

b0
k
e0

1
k2


Aaµ
k
B+b

δab
i
√
2
a
(−ikµ)
k2
	

ba
k
eb

δab
k2


ϕ+
k
ϕ−
Æ
1
i
(−2)
k2



k
p
q
µ a
B+b ϕ−

ig
4
δabi(p− q)µ

ϕ+
µ a ν b

iag
√
2
2
gµνδ
ab


µ a ν b
ϕ+ ϕ−

ig2
4
gµνδ
ab

k
q
p
bb
µ a ec

−ig
2
εabc(p+ q)µ


k
q
p
bb
µ a e0
 
−ig
2
δab(p+ q)µ
!"
k
q
p
b0
µ a ec
#
ig
2
δab(p+ q)µ
$
%
µ a ν b
ec bd
&
−g
2
2
gµνδ
abδcd
'(
µ a ν b
e0 b0
)
−g
2
2
gµνδ
ab
*
B Calculation of Z2.
Here we present the calculations of the commuting scalar fields B+,a, ϕ and anticom-
muting fields e, b loops contributions to the divergent part of the gauge field two-point
Green function.
For calculation of commuting scalar fields contribution it is necessary to find diver-
gent part of two diagrams which are represented at the fig. 3. Left diagram (fig. 3)
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Figure 3: 1PI diagrams with loops of commuting fields B+, ϕ±
gives the following integral.
∫
d4k
(2pi)4
(
−g
4
δac(−2k − p)µ
) 1
i
(−2)
(p+ k)2
(
iag
√
2
2
gλνδ
db
)
δcd
√
2
a
(−kλ)
k2
=
=
g2
2
δab
∫
d4k
(2pi)4
(2k + p)µkν
k2(p + k)2
div
=
g2
2
δab
(−i)
48pi2ε
(gµνp
2 − pµpν)
It is easy to see that the right diagram at fig. 3 coincides with the left diagram after
the change µ↔ ν, a↔ b, p→ −p and consequently it gives the same result. Therefore
the total commuting scalar fields contribution is
− ig
2
48pi2ε
δab(gµνp
2 − pµpν) (9)
Now let us find the anticommuting fields contribution. We calculate divergent part
of diagrams shown at fig. 4. For the first diagram (fig. 4) we have
(−1)
∫
d4k
(2pi)4
(
−ig
2
εamc(2k − p)µ
)
δmn
k2
(
−ig
2
εbln(2k − p)ν
)
δlc
(k − p)2 =
=
g2
4
εanlεbln
∫
d4k
(2pi)4
(2k − p)µ(2k − p)ν
k2(k − p)2
div
=
ig2
48pi2ε
δab(gµνp
2 − pµpν)

p
µ a
bm en
k p
ν b
ec bl
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
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Figure 4: 1PI diagrams with loops of anticommuting fields
7
One can see that the remaining diagrams have identical divergent parts. Furthermore
sum of these divergences is equal to the divergence of the first diagram. Therefore the
total anticommuting fields contribution is
ig2
24pi2ε
δab(gµνp
2 − pµpν) (10)
Summarizing (9) and (10) we find
ig2
48pi2ε
δab(gµνp
2 − pµpν) (11)
C Calculation of Z1.
Now we calculate the contribution of the commuting scalar fields B+,a, ϕ and the anti-
commuting fields e, b into divergent part of the gauge field three-point Green function.
The contribution of commuting fields B+,a and ϕ± loops is given by the sum of six
diagrams one of which is represented at fig. 5 and other five diagrams differ from this
one by permutation of vertices. The diagram at fig. 5 gives∫
d4k
(2pi)4
(−gεamn{(k − 2q)βgµα + (q − 2k)µgαβ + (k + q)αgβµ}) δ
nl
i
gβγ − kβkγ/k2
k2(
iag
√
2
2
gγλδ
lc
)
1
i
(−2)
(k − q − p)2
(
−g
4
δls(2k − 2q − p)ν
)
δms
√
2
a
(k − q)α
(k − q)2
div
=
div
= − g
3
16pi2ε
εabc
(
−11
96
gµν(p + 2q)λ − 11
96
gνλ(p+ 2q)µ +
13
96
gµλ(p+ 2q)ν
)
(12)
Contributions of five remaining diagrams can be obtained from formula (12). For
example if we replace q → (−q − p), p → p, a ↔ c, µ ↔ λ in this formula, we obtain
the divergent part of the diagram which differs by permutation of two bottom vertices.
Summarizing all six we obtain
− g
3
32pi2ε
εabc
(
gµν(p− q)λ − gνλ(2p+ q)µ + gµλ(p+ 2q)ν
)
(13)

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Figure 5: Diagram with commuting fields loop
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Figure 6: Diagrams with anticommuting fields loops
Now let us consider the loops of the anticommuting fields e and b. Corresponding
diagrams are presented at fig. 6. Vertices Aaµe
mbn, Aaµe
0bn, Aaµe
mb0 differ from each other
only by tensors εamn, δan, −δam correspondingly. For the top and bottom diagrams we
obtain correspondingly
δarδrfεbmfδmn(−δnc) = −εbca = −εabc
εarsδrfεbmfδmnεclnδls = εafsεbnfεcsn = εafs(−1)(δbcδfs − δbsδfc) = −εabc
So these diagrams give the same results. In addition one can see that each remaining
diagrams give the same result too. So we have to calculate divergent part of the first
diagram at fig. 6 and multiply it by eight.
− εabc
∫
d4k
(2pi)4
(
−ig
2
(2k + q)µ
)
1
k2
(
−ig
2
(2k + p+ q)λ
)
1
(k + p + q)2(
−ig
2
(2k + 2q + p)ν
)
1
(k + q)2
div
=
div
= −ig
3
8
εabc
i
24pi2ε
(
gµν(p− q)λ − gνλ(2p+ q)µ + gµλ(p+ 2q)ν
)
The total contribution of the anticommuting fields loops and loops of the fields B+,a,
9
ϕ± is
g3
96pi2ε
εabc
(
gµν(p− q)λ − gνλ(2p+ q)µ + gµλ(p+ 2q)ν
)
. (14)
D Anticommuting fields e and b.
Now we calculate the constants Z¯2, Z¯1. Let us consider the one-loop diagram at fig. 1.
The corresponding integral is equal to
∫
d4k
(2pi)4
(
−ig
2
δam(2p+ k)µ
)
δmn
(p+ k)2
(
ig
2
δbn(2p+ k)ν
)
δab
i
gµν − kµkν/k2
k2
=
= −3ig2pµpν
∫
d4k
(2pi)4
gµνk
2 − kµkν
k4(p+ k)2
div
=
9g2
32pi2ε
p2
This divergence is canceled by the following counterterm:
i
∫
dx(Z¯2 − 1)(i∂µe0∂µb0) =
∫
dp(Z¯2 − 1)(−p2)e0(p)b0(−p)
thus − (Z¯2 − 1)p2 = − 9g
2
32pi2ε
p2
and therefore Z¯2 = 1 +
9g2
32pi2ε
(15)
To find the constant Z¯1 one has to calculate the sum of divergent parts of diagrams
which are presented at fig. 2. Besides the presented diagrams there are the diagrams
with three vertices, but their divergent parts are equal to zero.
For the left diagram at fig. 2 we obtain the following integral.
∫
d4k
(2pi)4
(
−g
2
2
gµνδ
ac
)
1
(k + p+ q)2
(
−ig
2
δbd(k + 2p+ 2q)λ
)
δcd
i
gνλ − kνkλ/k2
k2
=
=
g3
2
δab(p+ q)λ
∫
d4k
(2pi)4
gµνk
2 − kµkν
k4(k + p+ q)2
div
=
g3
2
δab(p+ q)µ
3i
32pi2ε
(16)
For the right diagram on fig. 2 we obtain
∫
d4k
(2pi)4
(
−ig
2
δcn(k + 2q)ν
)
δnm
(k + q)2
(
−g
2
2
gµλδ
adδmb
)
δcd
i
gνλ − kνkλ/k2
k2
=
=
g3
2
δabqν
∫
d4k
(2pi)4
gµνk
2 − kµkν
k4(k + q)2
div
=
g3
2
δabqµ
3i
32pi2ε
(17)
Summarizing the results (16) and (17) one gets
− ig
3
2
δab(p+ 2q)µ
(−3)
32pi2ε
(18)
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This divergencies are canceled by counterterm (Z¯1 − 1) (−ig)2 δab(p+ 2q)µ. So
Z¯1 = 1 +
3g2
32pi2ε
(19)
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